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Abstract

As the size of Large Language Models (LLMs) has increased over the past few years, quantiza-
tion has become a cornerstone of production LLM deployment. The numerical format is the
key component in quantization algorithms, as it enables a more efficient representation of
model weights and activations during inference and training. Modern block-wise numerical
formats achieve accurate 4-bit quantization by sharing a scaling factor among several values,
amortizing the hardware cost and compute overhead. Selecting an optimal shared scale for
a block is essential for achieving high accuracy. Yet, existing scale selection strategies such
as absmax, max and midmax choose scales suboptimally from extreme values in the block,
ignoring Hessian information and undermining model performance. This project addresses
this problem and studies scale selection for 4-bit microscaling datatypes. We define the math-
ematical scale selection objective, study its properties, and formally show why existing scale
selection strategies are suboptimal. We propose our own scale selection strategy optscale
which minimizes our objective and uses Hessian information to optimally select the scale for
a given block. We empirically validate our mathematical framework and conduct an end-to-
end W4A4 evaluation on the Llama-3.1-8B-Instruct model. Our method improves Wikitext-2
perplexity by up to 1.23 perplexity points over existing scale selection strategies. We also show
how scale selection interacts with quantization pre-processing algorithms such as GPTQ and
micro-rotations.






Résumé

Comme la taille des grands modeles de langage (LLMs) a augmenté au cours des derniéres
années, la quantification est devenue une pierre angulaire du déploiement des LLMs en pro-
duction. Les formats numériques sont le composant clé des algorithmes de quantification, car
ils permettent une représentation plus efficace des poids et des activations des modéles pen-
dant I'inférence et 'entrainement. Les formats numériques modernes par blocs permettent
une quantification 4 bits précise en partageant un facteur d’échelle entre plusieurs valeurs, ce
qui amortit le cotit matériel et le surcotit de calcul. Choisir une échelle partagée optimale pour
un bloc est essentiel pour obtenir une grande précision. Pourtant, les stratégies existantes
de sélection d’échelle telles que absmax, max et midmax choisissent les échelles de manieére
sous-optimale a partir des valeurs extrémes du bloc, en ignorant I'information hessienne et
en dégradant les performances du modele. Ce projet traite ce probléme et étudie la sélec-
tion d’échelle pour les types de données de microscaling 4 bits. Nous définissons I'objectif
mathématique de sélection d’échelle, étudions ses propriétés et montrons formellement
pourquoi les stratégies existantes de sélection d’échelle sont sous-optimales. Nous proposons
notre propre stratégie de sélection d’échelle, optscale, qui minimise notre objectif et utilise
I'information hessienne pour sélectionner de maniere optimale 1’échelle d'un bloc donné.
Nous validons empiriquement notre cadre mathématique et menons une évaluation W4A4
de bout en bout sur le modele Llama-3.1-8B-Instruct. Notre méthode améliore la perplexité
Wikitext-2 jusqu’a 1.23 point de perplexité par rapport aux stratégies existantes de sélection
d’échelle. Nous montrons aussi comment la sélection d’échelle interagit avec les algorithmes
de pré-traitement de quantification tels que GPTQ et les micro-rotations.
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|§ Introduction

Over the past few years, Artificial Intelligence (AI) has become a central research topic in
Computer Science. Al systems are now widely adopted in various areas such as software
development, medicine, banking, personal assistance, and many other domains [1]. Large
Language Models (LLMs) have been central to this adoption as they provide a natural language
interface between users and the systems.

As LLMs have grown rapidly in size, their efficient deployment has become a central topic
among researchers and practitioners. PaLM used 540 billion dense parameters in 2022 [2],
DeepSeek-V3 reported 671 billion total parameters in 2024 [3], and DeepSeek-V4-Pro reported
1.6 trillion total parameters in 2026 [4]. This continued growth in model size makes efficiency
an important topic for deploying Large Language Models in practice.

During its lifecycle, an LLM goes through two main stages: training and inference. During
training, the model learns from large datasets by adjusting its parameters to predict and
generate text. During inference, the trained model is deployed to process user requests and
generate responses. Focusing specifically on LLM inference is important as it accounts for
a large share of Al energy use in datacenters. Unlike training, inference is performed every
time a user writes a request to the model. Prior work reports that inference represents 60 to
70% of Al energy use in datacenters [5, 6], which makes inference efficiency a direct target for
reducing deployment cost.

Quantization is one of the most effective methods for making LLM inference more efficient. By
storing weights and activations with fewer bits, quantization reduces memory and compute
overhead. Recent state-of-the-art methods show that 4-bit inference can recover up to 96%
of the original accuracy [7], which makes low-precision inference a practical direction for
efficient LLM deployment.

Early low-precision formats mostly used scalar numerical formats, where each element is
encoded independently. Floating-point formats such as BF16 store their own sign, exponent,
and mantissa fields for every value [8], while integer formats such as INT8 use software-
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managed scales to map integer codes to real values [9]. Although this reduces the number of
bits per element, each value is still encoded separately.

In LLM tensors, many neighboring values can often use a common dynamic range, and
emerging block formats exploit this structure by sharing a scale across multiple elements.
For example, OCP MX formats such as MXINT4 and MXFP4 use blocks of 32 values with one
shared power-of-two scale, while NVFP4 uses smaller blocks of 16 values with an FP8 scale
(10, 11]. In MXFP4, storing 32 4-bit values together with one 8-bit scale gives 4.25 bits per
value, a 3.76 x reduction in memory consumption compared to BF16.

Once several values share a scale, the choice of that scale becomes the central design problem.
The scale datatype determines which dynamic ranges the block can represent, while the scale
selection algorithm chooses one of those ranges for the observed weight and activation values.
Since this single choice fixes the quantization grid for every element in the block, both the scale
datatype and the selection algorithm directly determine the final accuracy of the quantized
model.

Existing scale selection algorithms choose the scale sub-optimally and ignore the element-wise
importance information that matters for LLM quantization. Algorithms such as absmax [7],
max [12], and midmax [12] (hereafter referred to as max-based) choose the scale from extreme
values in the block, but they do not use Hessian information to account for how strongly each
element’s quantization error affects the model’s output. This makes them suboptimal when
the largest-magnitude element is not the element whose error matters most.

This project studies how shared scales should be selected in microscaling formats for LLM
inference. It explores both the mathematical structure of the scale-selection problem and its
practical effect on quantized model quality. The main contributions are:

* An optimal scale-search algorithm that reduces end-to-end WikiText-2 Llama-3.1-8B-
Instruct model perplexity by up to 1.23 points compared with existing scale-selection
algorithms.

* A mathematical analysis that defines the scale-selection objective, studies its properties
for different shared scale datatypes, and proves the suboptimality of max-based selection
in a Hessian-outlier setting.

* An empirical study that validates the analysis, characterizes the distance between opti-
mal and max-based scales, and evaluates optimal scale selection across multiple shared
scale datatypes.

The report is organized from motivation to analysis and then to empirical validation. Chapter 2
introduces the necessary background, Chapter 3 mathematically studies the scale-selection
problem, Chapter 4 validates the analysis in single-layer experiments, Chapter 5 evaluates the
conclusions end-to-end, and Chapter 6 summarizes the findings.
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¥4 Background

This chapter introduces the background needed to understand shared-scale quantization for
LLM inference. It starts from broad LLM compression methods, then progressively narrows
the focus to post-training quantization, the problem of outliers, microscaling formats, existing
shared scale datatypes and selection algorithms.

2.1 Compression Techniques

Deploying LLMs at scale is often limited by the cost of storing and processing the model.
Large models require substantial storage for their parameters, high memory bandwidth to
stream these parameters during decoding, enough compute throughput to sustain matrix
multiplications, and enough power budget to serve requests at scale. Compression techniques
address these constraints by reducing how much data is stored, how much data is moved, or
how expensive each arithmetic operation is.

Compression is better viewed as a design space than as a single technique. A compression
method can change numerical precision, remove unnecessary parameters, replace matrices
with structured approximations, or combine several of these choices. It can be applied during
training or during inference, and it can either be calibrated on a dataset or be completely
data-free. It also differs in whether the compressed numerical format is directly executed by
the hardware or merely stored compactly before being expanded again.

One compression technique is quantization, which changes the numerical format used for
model tensors. Instead of storing every value in a high-precision format, quantization maps
values to a lower-bit codebook and usually uses one or more scales to recover the needed
dynamic range. This can reduce model size and memory traffic, and when the hardware
supports the low-bit format directly, it can also reduce energy cost [9, 13, 14, 15, 16, 17, 18, 19,
20,21, 7, 22].

Another compression technique is pruning, which reduces a model size by deciding which
weights or structures are unnecessary and removing them. The removed elements may be
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individual weights, groups of weights, channels, heads, or larger blocks, depending on the
sparsity pattern and the target hardware. Pruning reduces storage immediately, but it reduces
compute only when the resulting sparse structure can be exploited efficiently by kernels or
accelerators [23, 24, 25, 26].

SVD-based compression replaces dense weight matrices with lower-rank approximations.
The basic idea is to keep only the most important singular components, which turns one
large matrix multiplication into smaller factorized operations and reduces the number of
stored parameters. Recent LLM methods improve this simple truncation by weighting matrix
directions by importance, scaling features before decomposition, or choosing truncation
levels with loss-aware criteria [27, 28, 29, 30].

These compression techniques can be combined. A model may be pruned and then quantized,
quantized after a rotation, or compressed with a structured approximation before another low-
bit numerical format is chosen. However, their effects are not independent. For example, when
combining pruning and quantization, the order matters because one method can change the
distribution seen by the next method [31]. Therefore, the final accuracy and speed cannot
always be predicted by evaluating each branch in isolation.

For the rest of this chapter, we solely focus on quantization, as it is the central compression
technique in our work.

2.2 Quantization Design Space

Quantization changes the numerical format of tensor values. Instead of keeping every value in
its original full-precision format, the quantizer maps it into a low-bit codebook. This codebook
is the set of numerical values that can be represented after quantization using fewer bits,
decreasing the storage requirements for the model and increasing the bandwidth.

Quantization can be applied during training or applied after training. Quantization-aware
training adapts the model while simulated quantization noise is present, which can recover
accuracy but requires training resources and data [32]. Post-training quantization instead
starts from a fixed pre-trained model and compresses it after training, making it attractive for
LLM deployment where full retraining is expensive [13, 14].

Post-training quantization can also differ in how much it depends on additional information
to calibrate the method. Data-free methods choose quantization parameters from weights and
analytical rules only, which makes the final quantized model unbiased to the data, but can be
ineffective at low bit widths [33, 32]. Calibration-based methods use a small representative
dataset to collect activations, Hessian proxies, or outlier statistics without retraining the full
model to construct a better codebook or determine better parameters for quantization [13, 19].

The simplest quantization algorithm is round-to-nearest (RTN). RTN maps each value inde-
pendently to the nearest representable code, making it a useful baseline because it does not



2.3 Outliers, Sensitivity, and Transformations

use calibration data or model-specific sensitivity information. Hessian-aware quantization
goes further by quantizing the weights sequentially and compensating for the errors in the
next yet-to-be-quantized weights [13].

Before a value is mapped to a value from the codebook, the tensor, the channel or the block can
be normalized by a scale so that the low-bit codebook is able to cover the relevant numerical
range [9, 34]. This choice becomes especially important when moving from 8-bit formats to 4-
bit formats, because each shared dynamic range controls a much smaller set of representable
values.

Quantization can target different tensors in the inference pipeline. Weight quantization
compresses the static model parameters, so its quantization parameters can be chosen offline
before serving [13, 15]. Activation quantization compresses input-dependent intermediate
values, so its scales must either be computed at runtime or chosen from calibration data [14, 9].
KV-cache quantization targets the stored keys and values used during autoregressive decoding,
which becomes important for long-context inference [22].

This project focuses on post-training quantization of weights and activations with scaling. The
models studied here are already trained, and the central question is how to choose shared
scales for their weights and activations under hardware-native low-bit formats. The rest of the
chapter therefore narrows from general quantization choices toward the tensor targets, scale
granularities, and scale-selection algorithms used in this setting.

2.3 Outliers, Sensitivity, and Transformations

Outliers are one of the main reasons why LLM quantization is difficult. Outliers are unusually
large values or channels that dominate the quantization range [9]. When using a shared scale,
because of the outliers, the codebook is often chosen such that it can accurately represent the
outlier values to avoid clipping. Because of that, the remaining values are quantized with a
coarser effective resolution, increasing the quantization error for most of the tensor.

Various outlier-aware quantization methods either handle outliers separately or change the
tensor distribution. LLM.int8() keeps extreme activation channels in higher bitwidth, avoiding
the need to force every value into the same low-bit numerical format [9]. SmoothQuant instead
rescales the activation and weight tensors and moves the magnitude of the outliers from
activations into the weights through equivalent per-channel scaling [14]. Another approach is
to apply orthogonal rotations to weights and activations, preserving the computation while
spreading concentrated magnitudes across coordinates. QuaRot and SpinQuant use rotations
to spread outliers before quantization, making the tensors easier to quantize with low-bit
formats [20, 21].
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Figure 2.1: Microscaling block with one shared scale and multiple low-bit values.

2.4 Shared Scale

As was mentioned before, scaled quantization format uses a scale to adapt a fixed low-bit
codebook to various numerical ranges. Scaling can be applied at various granularities. Per-
tensor scaling shares one scale across an entire tensor, which globally softens the global
dynamic range of the tensor with minimal cost but still does not eliminate the problem of
outliers. Per-channel scaling works at finer granularity and scales individual channels instead
of the whole tensor, which provides more control over the distribution spikes [9, 14]. Per-block
scaling shares one scale across a small group of values, reducing outlier exposure even more.

Granularity of scaling controls the trade-off between accuracy and overhead. Fine-grained
scaling improves accuracy because fewer values in the block compete for the same scale,
which allows a better match of a codebook for the distribution. Coarse-grained scaling reduces
additional memory overhead but also makes each scale responsible for a wider and potentially
less uniform set of values.

A shared-scale format is defined by the scale datatype and the scale-selection algorithm. The
scale datatype determines which scale values the numerical format supports. The scale-
selection algorithm chooses one of these representable scale values for the observed tensor or
block. Together, these two choices determine the quantization grid seen by every value that
shares the scale, making them the primary design decisions in low-bit block formats. This will
be the central topic of our project.



2.5 Microscaling Formats

Table 2.1: Notation for shared-scale 4-bit formats used in this report. FP4 denotes E2M1 data
values.

Format Notation Block scale Value Tensor scale Block size
MXINT4 MXINT4 E8MO INT4 (EOM4) X 32
MXFP4 MXFP4 E8MO FP4 (E2M1) X 32
NVFP4 E4M3FP4_g_t16 E4M3 FP4 (E2M1) v 16
ESM3FP4 EBM3FP4 E5M3 FP4 (E2M1) X 32
E4MAFP4_g E4M4AFP4_g E4M4 FP4 (E2M1) v 32

2.5 Microscaling Formats

Microscaling formats are hardware-native block formats with support for shared scales. As
shown in Figure 2.1, a small group of values shares one scale and stores only compact data
values inside the block instead of giving every low-bit value its own scale. This layout reduces
storage overhead and makes the shared scale part of the numerical format, which enables
efficient compute.

OCP MX formats standardize this shared-scale layout for block-32 datatypes [10, 34]. MXINT4
combines a shared power-of-two scale with INT4 data values, while MXFP4 combines a shared
power-of-two scale with E2M1 FP4 data values. In both cases, the block scale is restricted to
powers of two, so changing the scale moves the whole block grid by exponential steps.

The notation used in this report follows the scale datatype first and the data datatype second.
We use a floating point notation for the scale datatype, which is defined by the number of
exponent bits (E) and the number of mantissa bits (M) (e.g., E2M1, E4AM3, E5M3). The shared
scale datatype followed by the value datatype determines the overall numerical format. For
example, EAM3FP4 means FP4 (E2M1) data values with E4AM3 block scales. The suffix _g
denotes an additional FP32 tensor-level scale, while _t16 denotes a 16-value block. If block
size is 32, the notation _t32 is omitted for simplicity. Table 2.1 summarizes this notation for
some of the formats used in this report.

The type of the value determines the shape of the distribution inside each scaled block. INT4
forms a uniformly spaced grid, so changing the scale changes both the range and the spacing
uniformly. FP4 uses the E2M1 floating-point grid, which is non-uniform.

Floating-point scales generalize the power-of-two scale used by MX formats. Power-of-two
scales have exponent bits but no mantissa bits, so adjacent scale values differ by powers of
two. Floating-point scales, such as EAM3, E5M3, and E4M4, add mantissa bits to the scale
datatype, creating denser choices inside each power-of-two range.

NVFP4 is the main standardized 4-bit format with floating-point block scales. It uses E4AM3
block scales, E2M1 FP4 data values, 16-value blocks, and an FP32 tensor-level scale [11]. For
the rest of this report, this configuration is referred to as E4AM3FP4_g_t16 rather than NVFP4.
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This keeps the notation consistent with the wider set of floating-point scale formats evaluated
here, where the name explicitly records the block-scale datatype, the value datatype, the
tensor-level scale, and the block size.

This report also evaluates floating-point scale variants with E4AM3, E5M3, and E4M4 block
scales, both with and without the tensor-level FP32 scale. These variants are not standard
NVFP4 layouts, but they isolate how the block-scale datatype and the tensor-level scale affect
accuracy. The tensor-level scale is useful because it can place a limited block-scale grid in a
better tensor-wide range before per-block scales are selected.

2.6 Scale Selection Algorithms

Scale selection is the quantization step that chooses a representable shared scale for a tensor
or block. For microscaling formats, this choice is part of the quantization algorithm rather
than fully specified by the datatype. The OCP MX specification defines the format layout, but
leaves the exact scale-selection policy implementation-defined [10].

Scale-selection methods differ by what information they use. Data-free methods choose the
scale only from the values in the block. Calibration-based methods use representative data,
activation statistics, Hessian values, or other external information to optimize a scale objective.

Mazx-based scale selection is a data-free method that chooses the scale from maximum values
in the block. For example, the common absmax rule selects the smallest representable scale
that keeps the block absolute maximum within the data-codebook range [7]. TensorCast
max derives the scale exponent from the block absolute maximum after accounting for the
largest data-codebook value, while TensorCast midmax promotes the scale when the rescaled
block maximum exceeds the data-format midmax threshold, balancing clipping error against
quantization error [12].

Max-based methods are attractive for hardware-native formats because they are local, deter-
ministic, and cheap to implement. Their limitation is that they treat the block maximum as
the main proxy for the best scale. This ignores activation statistics and Hessian sensitivity, so
the selected scale can preserve the largest value even when a different scale would reduce the
error on more important values.

There are alternative data-free approaches to the max-based methods. Instead of deriving
the scale directly from the maximum value, one can evaluate candidate scales against a
local quantization-error objective such as MSE on the block values. ScaleSearch follows this
direction for block floating-point scales, improving the scale choice without using Hessian
information or calibration data [33]. However, this method still does not account for value
sensitivities or Hessian information.

Calibration-based scale selection evaluates candidate scales and minimizes a block objective
that can include calibration activations or Hessian-derived sensitivity weights. This makes
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the selected scale closer to the effect of quantization on the model’s final output, rather than
only to the value distribution inside the block. To the best of our knowledge, we are the first to
research this direction.






8] Mathematical Analysis

In this chapter we introduce a formal mathematical model to study optimality of various
scaling strategies. This study will lay the groundwork for optimal scaling strategy and proposed
experiments in the next chapters.

This chapter is organized as follows. First, we define an objective function optimized by
the shared scale. Second, we study the properties of this objective function for various nu-
merical formats. Then, we determine the optimality of the existing scaling strategies in a
hessian-outlier scenario. Consequently, we discuss how certain transformations affect our
mathematical analysis and the objective. Finally, we discuss the data-free objective and its
tradeoffs.

3.1 Scale Objective Function

Quantization is one of the transformations of the model’s weights. For simplicity of this
analysis, we consider weight-only quantization.

The following formula approximates the change in model loss caused by a quantization-
induced weight update AW [13]:

1
AL = 5AWHAWT, (3.1)

where H denotes a Hessian matrix that determines the sensitivity of the weight change. Some
weights are more sensitive to quantization than others, and the Hessian matrix allows us to
identify the sensitive weights.

In the context of scale selection, the per-element squared quantization error & q(w, s) is deter-
mined by the weight itself and by the selected scale value:

Sqw,s) = (w-Qs(w))” 3.2)

11
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where
Qs(w) = s-roundc(clipe (w/)). (3.3)

Here clip, clips values outside the representable range of the codebook C, while round: maps
to the nearest codebook value.

The selection of a common scale value s affects the quantization error of W, which, therefore,
affects the model loss according to Equation 3.1. This insight leads us to the formula of the
scale objective.

Definition 3.1 (Scale objective). Consider a block of B weights w,..., wp. Let hy,..., hp
denote the corresponding diagonal Hessian entries, iy = %IIX;, «lI?. For a scale value s > 0 and
codebook C, the block objective is

B

L) = Y hidq(wy, s), (3.4)
k=1

In this formula, apart from the quantization error value itself, we take into account the sen-
sitivity of each weight in the block. To minimize this objective, the scale selection should
preserve more sensitive weights, while allowing larger errors on less sensitive weights.

Remark 3.2. In block-wise numerical formats, the set S of possible values for the common
scale is restricted by the underlying datatype. For example, for the power-of-two scale datatype
used by MX formats, the scale set is

Skamo = {26 te€”Z, emin<e< emax}; (3.5)

with the OCP exponent range emin = —127 and enmax = 127, apart from the reserved NaN
encoding [10].

Using the scale objective formula, we can define an optimal scale.
Definition 3.3 (Optimal scale). For a supported scale set S, the optimal scale value for a block
is

sk € argmin £ (s). (3.6)
seS

In order to develop an algorithm for selecting the optimal scale value, we need to study the
properties of the objective function £°.

3.2 Discrete Unimodality Analysis of £°

First, we define discrete unimodality.

Definition 3.4. Let S be a finite totally ordered set. A discrete function f: S — R is discretely

12
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unimodal if the set of global minimizers

M =argmin f(s) (3.7
seS

is non-empty and contiguous in the order on S, and if f is non-increasing before M and
non-decreasing after M. Equivalently, the sequence has one valley.

In other words, as the scale value increases, the objective first non-increases, may stay flat
at the bottom of the valley, and then non-decreases. Flat regions are allowed because exact
quantization can make several adjacent scale values equally optimal.

Understanding discrete unimodality, or lack thereof, determines whether local search can
reliably find the optimal scale and shapes the design of scale-selection algorithms.

3.2.1 MXFP

We study unimodality of the scale objective for MXFP. Without loss of generality, we consider
the MXFP4 format. The same analysis applies to MXFP8.

We begin with a structural property of the FP4 data codebook used by the MXFP4 format.

Lemma 3.5 (MXFP4 scaled-codebook invariance under scale halving). For any scale value s > 0,
the scaled FP4 data codebooks sC' and (s/2) C™ share the values {0, +£0.5s, +s, +1.55, +25, +35}.
For any w with |w| € [s, 3s], the nearest quantization point is the same under both scale values,
506 4(w,s)=064(w,s/2).

Proof. At scale value s, the scaled FP4 data codebook values are
§-{0,£0.5,+1,+£1.5,+2,+3, +4, +6}. (3.8)
At scale value s/2, they are
§-10,£0.25,4£0.5,+0.75,+1,+1.5,+2, +3}. (3.9

In [s,3s], both scaled FP4 data codebooks contain the same quantization points {s, 1.5s,2s, 3s}.
O

Remark 3.6. This lemma partitions the per-element objective into three phases as the power-
of-two scale value s = 2¢ increases.

1. When the scale value is too small, the element clips and increasing s reduces the clipping
€error.

13
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2. When the scale value is in the stable middle region, doubling s keeps the same relevant
quantization points around the element, so the per-element squared quantization error
is unchanged.

3. When the scale value is too large, the element falls into the low-magnitude part of the
scaled codebook, and increasing s coarsens the available quantization points, so the
€error goes up.

We will use this result to prove the per-element unimodality of MXFP.

Theorem 3.7 (MXFP per-element unimodality). For any w # 0, the per-element MXFP4 objec-
tive
() =64 (w0,2) = (w - Qe (w))? (3.10)

is unimodal as a function of the power-of-two scale e.

Proof. Without loss of generality, assume w > 0.

For the proof, it is enough to compare two adjacent power-of-two scale values, s and 2s. We
will break our analysis into the following cases:

Case one: w > 6s. The scale value s is too small and clips to 6s. Doubling the scale value
does not increase the error. If w > 125, the larger scale value also clips, but to 12s, which is
closer to w. If 6s < w < 125, the old clipped value 6s remains available at scale value 2s as the
quantization point 3 -2s, so nearest-neighbor rounding at scale value 2s has error no larger
than before.

Case two: 2s < w < 6s. The element is in the stable middle region. By Lemma 3.5 applied to
scale values s and 2s, both scaled FP4 data codebooks contain the same relevant quantization
points in this interval. Therefore

04(w,2s) =64(w,s). (3.1

Case three: w < 2s. The scale value is too large. In this region, the useful quantization points
at scale value 2s are a subset of the quantization points available at scale value s:

{0, s, 25, 3s} < {0, %s, S, %s, 2s, 3s}. (3.12)

Points above 3s are farther from w than the shared point 2s, making them irrelevant in this
case. Hence doubling the scale value only removes relevant quantization points, and

04(w,2s8) =6 4(w,s). (3.13)

14
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Figure 3.1: MXFP4 block objective for the two-magnitude-cluster counterexample with w; =1,
wo =64, hy = 1, and hy = 1/64%. The objective decreases, increases, and then decreases again,
so it has two separated valleys and is not unimodal.

Thus, as the scale increases, the per-element objective first non-increases, then stays constant,
and then non-decreases. This makes the sequence unimodal under the definition used in this
chapter. O

However, this per-element result does not extend to a whole block. Changing the power-of-two
scale only moves the whole scaled FP4 data codebook left or right on the log-magnitude axis.
If a block contains two magnitude clusters, the scaled FP4 data codebook can first align with
one cluster and then, several scale-exponent steps later, align with the other cluster.

Theorem 3.8 (MXFP4 block-level non-unimodality). The MXFP4 block objective £obi(2¢) is
not unimodal in general as a function of the power-of-two scale e.

Proof. Tt is enough to give one counterexample. Consider two weights with the following
Hessian values
W1=1, h1=1, LU2=R, h2=— (3.14)

where R = 2" is large enough; for example, take m = 6, so R = 64. Figure 3.1 shows this
concrete instance.

At scale e = 0 and e = 1, the first weight is represented exactly. The second weight is still
clipped, but the clipped value moves from 6 to 12, so £°%(21) < £°P1(20). At scale e = 2, the
first weight lies exactly between 0 and 2, so its per-element squared quantization error is 1
under either tie-breaking choice. The second weight is still clipped, now to 24. Therefore

£o%2%) — Py =1 - % (R-12)> - (R-24)?)>0 (3.15)
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Now compare the scale e = m—3 and e = m —2. At e = m — 3, the scale value is R/8, so the
second weight clips to 6R/8 = 3R/4 and makes the following weighted contribution to the

1 (R 33)2_ 1 (3.16)
R2 4] 16 ’

The first weight is much smaller than the smallest positive quantization point and rounds
to zero, contributing 1 to the objective. Hence L£0P(2Mm=3) =1+ 1/16. At e = m — 2, the scale

value is R/4, so the second weight is represented exactly as 4 - R/4, while the first weight still
contributes 1. Hence £°PI(2™m2) =1,

objective:

The second weight remains represented exactly up to e = m+ 1, where R = 0.5-2"*!, and the
first weight still contributes 1 to the objective. At e = m + 2, the second weight lies halfway
between 0 and 2R, so its weighted contribution is 1, and the objective increases again. Thus,
around the large-magnitude cluster, the block objective also decreases and then increases.

The objective therefore increases after the first low-error region and decreases again before
the second low-error region. This creates two separated valleys, so the block objective is not
unimodal in general. O

This construction needs the magnitude clusters to be separated by more than the width of
the nonzero FP4 data codebook. Since the positive scaled FP4 data codebook spans [0.5s,65],
one scale value can cover magnitudes within only about a 12x range. Once the clusters
are separated by more than roughly 12x (about 3.6 scale-exponent steps), their useful scale
regions become disjoint; using a 64 x separation, as in the example above, makes the two
low-error regions clearly separated.

Remark 3.9. This counterexample is not representative of many realistic blocks. In realistic
blocks, the objective is often closer to unimodal because one Hessian-dominant element sets
the main trend of £°P (2), while the remaining elements contribute only smaller perturbations.
By Theorem 3.7, the per-element objective of this dominant element is unimodal. Therefore,
when its Hessian weight is sufficiently larger than the others, the block objective is governed by
this single-valley trend and often behaves approximately as a unimodal sequence for realistic
blocks. We will study the hessian-dominant scenario later in this chapter.

3.2.2 MXINT

Without loss of generality, we consider the MXINT4 format. The same analysis applies to
MXINTS.

We use the MXINT4 format to denote a power-of-two scale together with a uniform signed
INT4 data codebook
C™={-7,-6,...,0,..., 7} (3.17)

In contrast to MXFP4, doubling the MXINT4 scale value does not preserve a middle part
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of the scaled INT4 data codebook. Instead, the grid spacing doubles and the representable
interval expands from [-7s,7s] to [-14s,14s]. This still gives a single-element unimodality
result: as the scale value grows, the clipping error first decreases, then the element falls into
the quantization grid, and finally the coarser spacing increases the rounding error.

Theorem 3.10 (MXINT4 per-element unimodality). For any w # 0, the per-element MXINT4
objective
Cw(e) =84(w,29) = (w— Qe (w))’ (3.18)

is unimodal as a function of the power-of-two scale e.

Proof. By symmetry, assume w > 0. Compare adjacent scale values s and 2s. At scale value s,
the positive scaled INT4 data codebook is {0, 5,2, ...,7s}. At scale value 2s, the positive scaled
INT4 data codebook is {0,2s,4s,...,14s}.

We break the comparison into three cases:

Case one: w = 7.5s. The scale value s is too small. Doubling the scale value cannot increase
the error. For 7.55 < w < 9s, the point 8s is at least as close as the clipped point 7s. For larger
w, the nearest even quantization point, or the clipped endpoint 14s when w > 14s, is also no
farther than 7s. Therefore

64(w,2s5) =6 4(w,s). (3.19)

Case two: 7s < w < 7.5s. The element is beyond the clipping threshold at scale value s. Scale
value s clips to 7s, while scale value 2s rounds to 8s. Since 8s — w > w —7s, the larger scale
value has larger error, so

04(w,28) > 64(w, ). (3.20)

Case three: w < 7s. The scale value s is already large enough to avoid clipping. Doubling
the scale value removes the odd quantization points. The extra point 8s cannot be closer to
w than the nearest point in {0, 5,2s,...,7s} because w < 7s. Hence doubling the scale value
cannot reduce the error, and

Oq(w,25)=64(w,s). (3.21)

As e increases, the scale value s = 2¢ increases monotonically. The adjacent change is non-
positive while w = 7.5s and non-negative once w < 7.5s. Thus the per-element objective
first non-increases and then non-decreases, which makes the sequence unimodal under the
definition used in this chapter. O

As for MXFP4, the per-element result does not imply block-level unimodality. Two well-
separated magnitude clusters can prefer two different scale regions, and the shared scale value
moves between these regions exponentially as e changes.
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Figure 3.2: MXINT4 block objective for the two-magnitude-cluster counterexample with
wy; =1, ws =64, h; =1, and hy = 1/642. The objective decreases, increases, and then decreases
again, so it has two separated valleys and is not unimodal.

Theorem 3.11 (MXINT4 block-level non-unimodality). The MXINT4 block objective £0b1(2¢) is
not unimodal in general as a function of the power-of-two scale e.

Proof. Tt is enough to give one counterexample. Consider two positive weights with Hessian

weights

1
LU1=1, h1=1, LU2=R, h2=ﬁ, (3.22)

and take R = 64. Figure 3.2 shows this concrete instance.

First consider the small-magnitude cluster. At scale e = —1, the scale value is s = 1/2. The first
weight is represented exactly, while the second weight clips to 7/2, so

L2~ = 1 (64 - Z)Z. (3.23)
642 2

Atscale e = 0, the first weight is still represented exactly and the second weight clips to 7, giving
, 1 .
£oP2% = S04 7)2 < L7, (3.24)

At scale e = 1, the first weight lies halfway between 0 and 2, so its per-element squared
quantization error is 1 under either tie-breaking convention. The second weight clips to 14,

and therefore
.\ (64 —14)% — (64— 7)? .

642
Thus, around the small-magnitude cluster, the block objective decreases and then increases.

0. (3.25)

Now consider the large-magnitude cluster. At scale e = 3, the scale value is s = 8. The first
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weight rounds to zero and contributes 1 to the objective, while the second weight clips to 56,
o)
(64 —56)* 1
=14 —.
642 64

At scale e =4, the scale value is s = 16, so the second weight is represented exactly as 4s, while
the first weight still contributes 1 to the objective. Hence £°%(2%) = 1. The second weight
remains represented exactly until e = 6. At scale e = 7, it lies halfway between 0 and 128, so its

weighted contribution is 1, while the first weight still contributes 1. Hence £obi27) = 2.

L£o%(23 =1 (3.26)

The objective therefore increases after the first low-error region and decreases again before the
second low-error region. This creates two separated valleys, so the MXINT4 block objective is
not unimodal in general. O

Remark 3.12. This counterexample is again intentionally adversarial and is not representative
of many realistic blocks. In realistic blocks, the objective is often closer to unimodal because
one Hessian-dominant element sets the main trend of £°P(2¢), while the remaining elements
contribute only smaller perturbations. By Theorem 3.10, the per-element objective of this
dominant element is unimodal. Therefore, when its Hessian weight is sufficiently larger
than the others, the block objective is governed by this single-valley trend and often behaves
approximately as a unimodal sequence for realistic blocks.

3.2.3 Floating-Point Scale

The previous two subsections considered E8MO scale values, where consecutive scale values
differ by an exact factor of two. We now consider floating-point scale formats such as E4AM3,
E5M3, and E4M4. These scale sets add intermediate significand values inside each power-of-
two binade. This extra density is useful for reducing quantization error, but it also destroys the
simple unimodality structure that held for a single element under E8MO scale values.

For concreteness, consider the following E4AM3 scale values inside the binade [1, 2]:

9 10 11 12 13 14 15
} (3.27)

S n ]-»2 = 1)_;_)_7_7_»_)_v2
E4M3[]{8888888

Theorem 3.13 (E4M3 single-element non-unimodality). With the E4M3 scale set, the single-
element objective
00(5) = 84w, s) = (w— Qs(w))’ (3.28)

is not unimodal in general as a function of the ordered scale values s € Spqvs-

Proof. Itis enough to give one counterexample. Use the FP4 data codebook
C'P ={0,40.5,+1,+1.5,+2, 43, +4, +6} (3.29)

and a single positive weight w = 1.
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At scale value s = 1, the quantization point 1 - s represents the weight exactly, so
Z,(1)=0. (3.30)

At the next power-of-two scale value s = 2, the quantization point 0.5 - s also represents the
same weight exactly, so
£,(2)=0. (3.31)

However, the intermediate E4AM3 scale value s = 11/8 gives the two closest relevant quantiza-
tion points

11 11
0.5-s=—, 1.0-s=—. (3.32)
16 8
The nearest one to the weight w is 11/16, and therefore
l (11)—(1 11)2—(5)2>0 (3.33)
“ts) " 16) |16 ' '

Thus the resulting objective has zero value at s = 1, positive value at an intermediate scale
value s = 11/8, and zero value again at s = 2. Its minima are separated by a strictly worse scale
value. Therefore, even the single-element objective is not unimodal for floating-point scale
sets. O

The reason is specific to the interaction between a floating-point scale format and the FP4
data codebook. Increasing s inside one binade moves all quantization points, and the set
of new quantization points is neither a subset nor a superset of the old quantization points.
Therefore, the quantization accuracy can fluctuate as the codebook changes with the scale.

Consequently, for E4AM3, E5M3, and E4M4 scale formats, unimodality cannot be assumed
even before summing over a block. Block-level objectives inherit this issue and can addition-
ally contain the non-unimodality from separated magnitude clusters shown for MXFP4 and
MXINT4 above. Therefore, search for the optimal scale value over floating-point scale sets
generally needs exhaustive search over the supported scale values. However, the search can be
optimized, which we will discuss later in this report.

3.2.4 Discussion

The main conclusion of this section is that the block scale objective is not unimodal in general
for any of the scale types considered above. For MXFP and MXINT formats with power-of-two
scales, non-unimodality appears at the block level: different magnitude clusters can require
different scales for precise quantization, and a single shared scale must trade them off. For
floating-point scale formats, the situation is even less structured, because non-unimodality
can appear for a single element before any block-level interaction is introduced.

Nevertheless, the distinction between these cases is important. For MXFP and MXINT, the
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single-element objective remains unimodal as a function of the power-of-two scale. This
means that, when one element dominates the scale objective, the block objective is often
shaped by the smooth single-element trend of that dominant coordinate, with the remaining
elements acting as smaller perturbations. This is precisely the Hessian-outlier setting studied
in the next section. In that regime, the objective is still not guaranteed to be globally unimodal,
but it can be smoother and closer to a single-valley landscape than the worst-case block
counterexamples suggest.

Floating-point scale formats do not have the same guarantee. Since their single-element
objective can already contain separated minima, a Hessian-dominant coordinate does not
necessarily impose a smooth trend on the block objective. This makes local structure less
reliable for search.

3.3 Optimality of Max-Element Clipping in the Hessian-Outlier Sce-
nario

Current scale-selection strategies, such as absmax, max, and midmax, select the scale based on
the maximum magnitude in the block. While absmax tries to avoid clipping the maximum
element, other strategies take a smarter approach. In this analysis, we show that preserving
the maximum element in range is not always optimal. We also provide a specific criterion to
determine which strategy is better in which case. We perform the analysis on two numerical
formats: MXINT4 and MXFP4. In both cases, we compare two power-of-two scale values:

e 51: the minimal no-clipping power-of-two scale value, s; = 2108 Maxk|wil/cma)l \where
Cmax = MaXcec | Cl.

* 59 = 51/2: the next smaller power-of-two scale value.

To simplify our analysis, we make the following assumptions.

Assumption 3.14 (Single-element clipping). Only one element, indexed y = argmax; |wgl,
exceeds the representable range at scale sg. All other elements satisfy |wy|/ sy < max(C).

Assumption 3.15 (Single Hessian Outlier). We distinguish a Hessian outlier at index x # y,
whose Hessian value is much larger than the average Hessian value in the block. In other

words, h, > h,,, where
1
Ry = 353 Z hy. (3.34)
-2 k#x,k#y

Of course, the analysis can be extended to an arbitrary number of Hessian and weight outliers.

However, from the empirical data we observed that the number of weight and Hessian outliers
usually does not exceed 1 or 2 elements per block.
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In the following subsections we again study 4-bit formats, but the analysis extends to arbitrary
bitwidths.

3.3.1 MXFP

By Lemma 3.5 (with s = s;), the scaled FP4 data codebooks at s; and sy share the same
quantization points in [s1,3s;]. This partitions the block into three regions:

U={k:|lwgl<s} (finer-scale region — lower error may be possible at sp),
M= {k 151 < |wgl < 331} (invariant region — identical quantization points),

O ={k:|lwkl>3s1} (clipped region — clipped at sg). (3.35)

Theorem 3.16 (MXFP4 exact clipping criterion). Under Assumption 3.14, lete. = § q(Wy, So)
denote the squared clipping error for the maximum element y. The clipping scale value s
achieves a lower objective value than s, if and only if

hylet =8q(wy,sD] < Y he[8q(wy, $1) =6 4(wr, 50)]. (3.36)
N _ k#
clipping penalty |wy| i/sl

—~
finer-scale compensation

Proof. By Lemma 3.5, elements with s; < |wy| < 3s; satisfy 5q(wk, s1) = 6q(wk, Sp) and cancel
in £°bj(so) — EObj(sl). Under Assumption 3.14, the only clipped element at sy is y, so the
remaining terms are the clipped maximum element and the elements with |wy| < s;:

L (5) = L (1) = by [e} = 84wy, 50|+ Y. hi[8 4wk, s0) = 8wy, s1)]. (3.37)

k#y
[wil<s1

Setting £0bj (sg) < L£0bi (s1) and moving the finer-scale terms to the right-hand side gives (3.36).
Both sides are nonnegative. The clipping scale value wins only when the finer-scale-region
improvement strictly exceeds the maximum-element clipping penalty. O

The Hessian outlier x affects the MXFP4 criterion only if it lies in U and actually benefits from
the finer spacing at sg. If x € M, its contribution cancels completely.

3.3.2 MXINT

We use the MXINT4 format to denote a power-of-two scale together with a uniformly spaced
INT4 data codebook
C"'={-7,-6,...,0,...,7}. (3.38)

22



3.3 Optimality of Max-Element Clipping in the Hessian-Outlier Scenario

Under scale value s, the expected per-element squared quantization error under the high-

resolution approximation is

82

E[64(wk,9)] = 3 =00 (3.39)
Theorem 3.17 (MXINT approximate clipping criterion). Under Assumption 3.14 and the high-
resolution approximation for non-clipped elements, let 6 = sf/lz, letdy(s) = 6q(w_yy s1), and
letel =6 q(wy, so) denote the squared clipping error for element y. If hy, > 0, then sy achieves a
lower expected objective value than s, if and only if

hx 4hy

— >

y_ —(B-
. 35hm(£c dy(s1)) — (B-2). (3.40)

If additionally hy =~ hy, and dy(s1) = 6, this reduces to the simpler approximate threshold

Y
E>4&-n-(B-2.

Proof. At the absmax scale value:
E[£L°(s1)] = hydy(s1) +8(hy + (B=2) hyp). (3.41)
At the clipping scale value sy = s1/2, non-clipped elements have MSE §/4:
E[£°(sp)] = hyeZ+§(hx+ (B—2) hy). (3.42)

Setting E[L£°P) (sp)] < E[L (s)]:

36
hy (el —dy(s) < I(h” (B=2) hy). (3.43)
Dividing by hy, -36/4:
My ey sn) < 2w B -2) (3.44)
36hy, ¢ VT ’ '
which rearranges to (3.40). O O

Remark 3.18. For MXINT, every non-clipped element benefits from the halved scale value
(MSE reduces by 4 x). For MXFP4, only elements in U benefit while those in M see no change.

3.3.3 Floating-Point Scale

The same Hessian-outlier intuition also applies to floating-point scale formats, although the
analysis is less clean than for power-of-two scales. Floating-point scale sets contain many
intermediate values within each power-of-two binade, so the scale can be tuned more precisely
to the value distribution inside a block. This additional flexibility makes it harder to obtain a
simple clipping criterion like the ones above, because the optimal scale is not restricted to
choosing between two adjacent powers of two.
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In the presence of a strong Hessian outlier, this flexibility changes the expected behavior of
the optimum. Since the objective heavily penalizes quantization error on the most sensitive
weight, the optimal floating-point scale will tend to choose a value that quantizes this weight
as accurately as possible, provided the resulting errors on the remaining block elements are
not too large. In other words, floating-point scales can tailor the shared scale more closely to
the most important coordinate, while power-of-two scales can only move in coarse steps.

3.4 Effect of the Algorithm on the Scale Objective

3.4.1 Micro-Rotations

We now analyze how a micro-rotation changes the scale objective. Let R € R?*? denote the
normalized Hadamard matrix used by the micro-rotation, so that R’ R = I. For a linear layer
with activation matrix X and weight vector w, the unrotated output is Xw. The equivalent
micro-rotated computation is

Xw=(XR)(R"w). (3.45)

Thus the rotated activations and weights are

X' = XR, w' =RTw. (3.46)

The proxy Hessian for weight perturbations is
17
H= EX X, (3.47)
and after the micro-rotation it becomes
r L oonT e 1 T T lor T
HZE(X) X :E(XR) (XR)=R -EX X-R=R" HR. (3.48)
Therefore the diagonal Hessian entries used in the scale objective transform as
W= H,, = Hr, = Sixr 0 (3.49)
JT T T e :
where r; is the j-th column of R.
The full second-order objective is invariant under this change of coordinates:
Aw'HAw=Aw)"H'AW', Aw=RAW' (3.50)

However, the diagonal approximation used by the block scale objective is not invariant. In
general,
;hkAwlzc # Xk:h;c(Aw;C)z. (3.51)
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Thus a micro-rotation changes the scale-selection problem by changing both the quantized
values wy and the Hessian weights .

For a normalized Hadamard matrix, each entry satisfies

R, =1 3.52
0= (3.52)
Expanding the rotated diagonal Hessian gives
/ 1 d
= y Z ha+ ) RajRpjHap. (3.53)
a=1 a#b

If the off-diagonal correlations of H are small, the second term is small and all rotated diagonal
Hessian entries concentrate near the mean Hessian value. With randomized Hadamard signs,
this holds in expectation:

a1 &

[E[h}] YR a; hg. (3.54)

Hence a micro-rotation tends to spread Hessian sensitivity across coordinates and reduce
diagonal Hessian outliers.

Consequently, the rotated scale objective
B
obj (8) = kz h.6 4w, s) (3.55)
=1

is often closer to an unweighted quantization-error objective than the unrotated objec-
tive. This weakens the single-Hessian-outlier scenario analyzed earlier, because the sen-
sitivity of one dominant coordinate is distributed across many rotated coordinates. The
non-unimodality results for block scale selection still hold in general, but a micro-rotation
changes the empirical distribution of weights and Hessian diagonals in a way that can make
the block objective smoother and less dominated by individual coordinates.

3.4.2 GPTQ

GPTQ changes the scale objective differently from a micro-rotation. Under the layerwise
approximation used in this analysis, transformations of different layers are treated as indepen-
dent and the calibration input matrix for the current layer is fixed. With this assumption, GPTQ
does not change the Hessian of the current layer. The Hessian depends on the calibration
inputs, while GPTQ acts on the layer weights.

The main effect of GPTQ is therefore on the weights seen by the scale selector. GPTQ quantizes
weights sequentially and, after each quantization decision, updates the remaining unquan-
tized weights to compensate for the induced output error. When a block is reached, its weights
may already include compensation updates caused by earlier quantization errors. Therefore,
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the block objective £bi(s) is applied to the current compensated weights, not necessarily to
the original full-precision weights.

This makes the scale-selection problem path-dependent. The weights in a block depend
on previous GPTQ updates, and those updates depend on previous quantization errors and
scale choices. Thus, even though the local form of the objective remains the same, the values
inserted into the objective are determined by the history of the GPTQ cycle.

The fixed-Hessian statement is exact only for this fixed-input layerwise proxy. For the true
model loss, changing weights can slightly change later activations and, therefore, the real
Hessian seen by later layers. Accounting for this effect would require repeatedly recomputing
Hessian information during quantization, which is substantially more computationally expen-
sive. We therefore keep the fixed-Hessian approximation and account for GPTQ through the
compensated weights used at the time of scale selection.

3.5 Data-Free Objective

The objective in Definition 3.1 is Hessian-dependent. It is derived from a second-order
approximation to the loss change caused by perturbing the weights, so each quantization error
is weighted by the corresponding diagonal Hessian entry. This makes the objective task-aware,
but also ties it to weight quantization and to calibration information. In particular, it does not
directly give the same type of scale-selection criterion for activations.

A simpler alternative is to remove the Hessian weights and minimize the reconstruction error
of the quantized values themselves. For a block of values z,..., zg, where z can denote either
weights or activations, the data-free objective is

B

B
La(s;2) = Y 64(zr,8) = Y (2 — Qs(zr)
k=1 k=1

2 (3.56)

The corresponding scale is selected by minimizing this unweighted reconstruction error over
the available scale set:
Sy € argr;lin Las(s; 2). (3.57)
S€E

This changes the scale-selection problem from minimizing a loss proxy to minimizing average
reconstruction error. The advantage is that the same criterion can be used for weights and
activations, and it does not require a Hessian estimate. The cost is that all elements in the
block are treated as equally important: a scale that is optimal for L4 may still spend too
much error on a small number of sensitive weights, which the scale objective would explicitly
protect.

The data-free objective becomes more plausible when coordinate importance is less uneven.
As discussed in Section 3.4.1, a micro-rotation spreads sensitivity across many dimensions and
can make the rotated Hessian diagonals closer to each other. In that setting, the unweighted
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reconstruction error is a better proxy for the scale objective than it would be in the presence of
strong Hessian outliers.

A concurrent work, ScaleSearch, successfully uses this type of quantization-error search to
choose block floating-point scales for both weights and activations [33]. However, studying
this data-free objective is outside the scope of this work. The analysis in the rest of this report
focuses on the scale objective in Definition 3.1.
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Single-Layer Analysis

This chapter empirically validates the mathematical analysis on a single layer of a large
language model. We first examine the shape of the scale-selection objective and show that
Hessian outliers often dominate it. We then quantify the gap between the optimal scale and
standard max-based scale choices. Finally, we study how the objective changes with the scale
type and with the use of micro-rotations.

4.1 Experimental Setup

The single-layer analysis focuses on one layer from Llama-3.1-8B-Instruct [35]. The calibration
data for Hessian extraction comes from the C4 training dataset [36], and we use 128 samples.
The analyzed layer ismodel.layers.10.mlp.down_proj.

The experiments in this chapter compare two algorithms: RTN and MR-RTN (micro-rotated
RTN). RTN applies blockwise quantization directly to the captured weights. MR-RTN first
applies a micro-rotation, implemented as a block-diagonal Hadamard transform with the
same size as the numerical format block, to both the weights and the activations, and then
performs RTN quantization and applies the same scale-selection analysis in the rotated space
for the weights.

The evaluated formats are the tile-32 variants MXINT4, MXFP4, EAM3FP4_g, ESM3FP4_g,
E5M3FP4, EAM4FP4_g, and E4AM4FP4. The scale-selection strategies are max, absmax, midmax,
and optimal, where midmax is only applicable to MXFP4 and max is only applicable to MX-
INT4. The optimal strategy is computed by exhaustive search over representable shared
scales, minimizing the objective for each block.

The Hessian matrix is estimated from the calibration activations as
1 1 T

= -XX
|Dcalib| X€Deaiib 2

4.1)

where Dgyjip is the calibration dataset and X denotes the input activation matrix for one
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Figure 4.1: Scale objective for a randomly selected block for MXINT4 and MXFP4 under RTN
without micro-rotations. Each point corresponds to one representable power-of-two shared
scale.

calibration sample.

The experiments were run on AMD Instinct MI210 GPUs.

4.2 Objective Function Unimodality

In this and the following sections, we first assume that no micro-rotations are applied unless
explicitly stated otherwise. We study the effect of the micro-rotations later in this chapter.

Based on the mathematical analysis (Remark 3.9, Remark 3.12, and Theorem 3.13), we expect
the objective function to be close to unimodal for MXINT and MXFP, but non-unimodal for
floating-point scales. Without micro-rotations, the activations contain outliers [9]. These
outliers give some weights much larger Hessian values than the rest, so the corresponding
single-coordinate terms can dominate the whole objective. Since the terms themselves are
unimodal for MXINT and MXFP (Theorem 3.7 and Theorem 3.10), a block is also expected to
have an approximately unimodal objective as it is dominated by a Hessian outlier.

To test this hypothesis, we calculate the objective function for all the blocks in the layer and
study their unimodality on the real data.

4.2.1 MXINT and MXFP

Figure 4.1 shows the scale objective for a randomly selected block in MXINT4 and MXFP4,
evaluated over all representable shared scale values. The x-axis is the logarithmic distance
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Figure 4.2: Per-element decomposition of the MXINT4 scale objective for one block under
RTN without micro-rotations. The black dashed line is the full block objective, and the blue
solid lines are the Hessian-weighted per-element contributions.

from the default scale sqefaylt, which is selected by the absmax strategy. The y-axis is the value
of the full block objective. The star marks the optimal scale s*, which is the global minimum
of the objective, while the vertical dashed line marks sqefayit at x = 0.

In both cases, the objective appears unimodal. We hypothesize that this behavior is caused by
a Hessian-dominant element that determines the overall shape of the block objective. To test
this hypothesis, we decompose the scale objective into per-element curves.

Figure 4.2 shows this decomposition for MXINT4. Each curve shows the contribution of
one element in the block at scale s to the objective function. The contribution equals Hy
(wy — qk)z, where k is the element index. The MXFP4 decomposition is similar, so we omit it
for simplicity. The thickness and opacity of each per-element curve are proportional to the
corresponding Hessian value Hy, while the black curve represents the full block objective.
One dominant curve is visibly thicker than the others and it closely follows the trend of the full
objective. This curve corresponds to the Hessian outlier discussed previously, supporting the
explanation that Hessian dominance makes the MXINT and MXFP objectives unimodal in
realistic blocks.

Our experiment code did not find a case of the objective having more than one minimum for
MXFP and MXINT in this particular model and layer. The objective might be non-unimodal
in another layer or another model, but this result shows that the practical assumption of
objective unimodality is strong.

This empirical property can be used to design a scale-selection algorithm efficiently. For
example, instead of searching the whole range of scales, one could perform a local valley
search. Later in this chapter we present more empirical properties of the default scale selection
and the objective function that make it even easier to find an optimal scale in practice.

We can also see in Figure 4.1 that the default scale does not select the global minimum for
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Figure 4.3: ESM3FP4 scale objective and per-element decomposition for representative blocks
under RTN without micro-rotations. The objective is non-unimodal over representable

floating-point shared scales, while the decomposition shows the Hessian-weighted per-
element contributions.

MXINT. This also happens for other blocks in MXFP. We analyze these scenarios and their
frequency later in this chapter.

4.2.2 Floating-Point Scale

Figure 4.3a shows the scale objective for a randomly selected block in ESM3FP4, evaluated
over all representable floating-point shared scale values. As predicted, the objective function is
not unimodal and has several local minima. We hypothesize that this behavior comes similarly
from the single-element non-unimodality (Theorem 3.13). As in the previous case of MXINT
and MXFP, the Hessian outlier dominates the other elements and contributes the most to the
block objective.

Figure 4.3b shows the decomposition of the scale objective for ESM3FP4. As in the MXINT and
MXEFP cases, there is one dominant curve that closely follows the trend of the full objective. The

local minima of the full objective occur when the Hessian outlier can be quantized accurately
by the numerical format.

This makes the search for the optimal scale for floating-point scales more challenging. Without
unimodality, we can no longer rely on a local valley search. However, there is an important
insight: the minimum is achieved when the Hessian outlier is quantized accurately by the
numerical format. That means that the optimal scale should bring the Hessian outlier as
close to the quantization grid as possible. This brings us to a possible optimization for scale
selection. The algorithm takes all points on the quantization grid and calculates the scales

32



4.3 Max-Based Scale Selection Analysis

MXINT4 worst-case scale £°b
row 5?, col 11552

MXFP4 worst-case scale £°P
row 51‘9, col 11552

E5M3FP4 worst-case scale £
row 25?8, col 11552

3 P 3 PP — %%% 3 g
1075 i _ 1 _ | !
. 3 1073 e | 1074 °o% 3 7
S 1 v R
= ! = \ 1 = 107 of T 2
8 | S ; 3 0%®%8%° o
Q10°® ° } Q1076 ! Q@ !
o
i ° i 6 VUL B
i i 10 1o &
: ! i)
i ~==~ Sdefault i ~==~ Sdefault i o ~777 Sdefault
-7 1 % s 1077 1 % 5" 1077 | % s
10 * | * | *
-2.5 0.0 2.5 5.0 -2.5 0.0 2.5 5.0 -2.5 0.0 2.5 5.0
1092 (5/Sdefautt) 1092 (S/Sdefault) 1092 (S/Sdefault)

Figure 4.4: Worst-case scale objectives for MXINT4, MXFP4, and E5SM3FP4 under RTN without
micro-rotations. The default scale is selected with the absmax strategy, which avoids clipping
the largest-magnitude element in the block.

that bring the Hessian outlier as close as possible to them. As a result, instead of scanning
28 scales, the algorithm needs to scan 23 scales, as the quantization grid has only 23 positive
values when the mantissa has 4 bits.

4.3 Max-Based Scale Selection Analysis

As mentioned in the previous section, max-based scale selection does not always result in
an optimal choice. In this section, we study this phenomenon more deeply by looking at
worst-case scenarios for several shared-scale data types and quantifying the distance between
the optimal scale and the selected max-based scale.

4.3.1 Worst-case Scenario

Figure 4.4 depicts the scale objective function for MXINT4, MXFP4 and ESM3FP4. The scale
was selected using the absmax selection strategy as in the previous experiments.

In all three graphs, the optimal scale yields an objective value that is smaller by up to two orders
of magnitude than the default scale. As studied in the mathematical chapter (Section 3.3), we
hypothesize that the absmax strategy selects the scale very conservatively by avoiding clipping
of all elements at the cost of larger quantization error for MXINT and MXFP. For ESM3FP4, it
fails to optimize the scale for the Hessian outlier as it only looks at the weight magnitudes,
thus yielding a suboptimal result.

Figure 4.5 shows how often absmax chooses a suboptimal scale, and how far away the optimal
scale is from the chosen max-based scale for MXINT4, MXFP4, and ESM3FP4. As expected,
MXFP and MXINT either select an optimal scale or overestimate it. The scale cannot be
underestimated by the absmax strategy, because it is the smallest scale that avoids clipping of
the maximum element, and making it larger only causes more underflow and less precision.
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Figure 4.5: Distribution of the distance between the optimal scale and the absmax scale
for MXINT4, MXFP4, and E5M3FP4 under RTN without micro-rotations. The mass at zero
corresponds to blocks where absmax selects an optimal scale.

MXEFP selects the optimal scale in around 66% of all blocks, while MXINT does so in around
52% of all blocks.

E5M3FP4 shows a different trend. absmax tends to both overestimate and underestimate the
scale. The reason is that, for floating-point scales, the optimal scale focuses on the maximum
accuracy of the Hessian outlier. However, absmax is blind to the Hessian sensitivity, and
therefore chooses an optimal scale only 23% of the time.

The optimal scale for MXFP and MXINT usually sits right next to the scale selected by absmax.
We found one rare block in the layer where the optimal scale was two steps away from the max-
based scale, but in all other cases it was only one step away. This suggests another optimization
for searching for optimal scales: choose between the absmax scale and the nearest smaller
scale.

E5M3FP4 is more fine-grained, which makes the position of the optimal scale less predictable.
However, the log distance is always less than 1. Therefore, a potential scale-search algorithm
can use this information and look for the optimal scale only in the neighborhood of the
max-based scale.

4.3.2 Midmax Threshold Analysis for MXFP4

midmax is an improved data-free scale selection algorithm that directly targets the main
weakness of absmax. The previous subsection showed that absmax is often too conservative
because it chooses the smallest power-of-two scale that avoids clipping the maximum element,
even when clipping that element would reduce the scale objective. MXFP4 has another built-in
rule, midmax, which chooses a smaller scale than absmax and then promotes the scale when
the rescaled block maximum exceeds a certain threshold. For E2M1 data values, this threshold
is 7, while the largest representable finite value is 6.

The key empirical question is whether the midmax threshold matches the true threshold. For
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Figure 4.6: Empirical threshold comparison for MXFP4 under RTN without micro-rotations.
Positive values mean that promoting the power-of-two scale, and therefore clipping the
maximum element, gives a lower scale objective than keeping the smaller scale.

every block, we compare two adjacent power-of-two scales: the unpromoted scale and the
promoted scale. The unpromoted scale has finer quantization points for smaller values but
may clip the maximum element. The promoted scale avoids that clipping but uses coarser
quantization points (equivalent to absmax). Figure 4.6 plots the difference between these two
objectives. Positive values mean that the promoted scale is better, while negative values mean
that keeping the finer unpromoted scale is better.

As we can see in the figure, the empirical optimal threshold is close to the midmax threshold,
so midmax is much stronger than a strict no-clipping absmax rule for MXFP4. In the aggregate
deviation experiment, midmax selects an optimal scale in about 93% of blocks, compared with
about 66% for absmax. The remaining gap is small in total loss. In our experiments, replacing
midmax with the exhaustive optimum improves the total single-layer loss by only about 1.2%.

The limitation of midmax is that it cannot adapt to Hessian-sensitive outliers. The rule uses
only the block maximum, so it cannot account for which element has the largest Hessian value.
In the worst MXFP4 block under midmax, the optimal objective is still about 22x smaller than
the objective at the selected scale. Therefore, midmax solves most ordinary MXFP4 cases, but
rare Hessian-outlier blocks can still require optimal objective-based scale selection.
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Figure 4.7: Worst-case scale objectives for MXINT4, MXFP4, and E5M3FP4 under MR-RTN
with absmax scale selection.

4.4 FEffect of Micro-Rotations

Now, we want to examine the effect of micro-rotations on the accuracy of scale selection
algorithms.

Micro-rotations reduce the worst-case scale-selection gap, but they still do not make the
scale-selection problem trivial. Figure 4.7 shows the worst-case objective plot after applying
MR-RTN. As we can see, the objective curves still contain visible dips and a well-defined global
minimum, so the qualitative features of the objective function remain.

However, the worst-case gaps become smaller after the micro-rotation. The worst-case objec-
tive ratio drops from about 138 x to 17x for MXINT4, from about 46x to 8 x for MXFP4, and
from about 108x to 8x for ESM3FP4. This supports the analysis in Section 3.4.1: the micro-
rotation spreads Hessian sensitivity across coordinates, which weakens single-coordinate
outliers and makes bad scale choices less catastrophic.

The MR-RTN decomposition shows that the remaining dips are less dominated by a single
Hessian outlier. In the RTN decomposition from Figure 4.2, one very thick per-element curve
closely follows the full objective. In contrast, Figure 4.8 shows that the MR-RTN per-element
curves have more similar thickness and opacity. The Hessian values are therefore more evenly
spread, although they are not exactly identical.

The remaining dip is mainly an aggregate quantization-grid effect. Even if the Hessian values
were uniform, decreasing the scale can improve many non-maximum elements by giving
them finer quantization points, while only a few large elements are clipped. The optimal scale
is therefore no longer determined by one dominant Hessian outlier. It is determined by a
tradeoff between clipping a few large values and improving many smaller values.
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Figure 4.8: Per-element decomposition of the MR-RTN worst-case scale objectives for MXINT4,
MXFP4, and E5M3FP4 under absmax scale selection. The line thickness and opacity are
proportional to the corresponding Hessian diagonal value.

4.5 Effect of the Global Scale

The tensor-level global scale aligns the representable scale grid with the tensor range. In the _g
variants, the block scale is encoded as a block-level scale multiplied by one FP32 tensor-level
factor. This global factor shifts the whole grid so that the available block scales are better
matched to the overall magnitude range of the tensor.

The global scale has little effect when the floating-point scale already has enough exponent
range. In the example of ESM3FP4, the absmax scale is optimal in a similar fraction of blocks,
around 23% without the global scale and 22% with it. Figure 4.9 shows the scale-deviation
distributions, which are nearly identical for ESM3FP4 and ESM3FP4_g. The EAM3FP4 row
shows a stronger effect because E4M3 has less exponent range than E5M3. The tensor-level
factor shifts the representable scale grid, so the deviation distribution changes more visibly
than in the ESM3FP4 pair.

However, global scale does not remove the per-block scale-selection problem. In Figure 4.9,
both E4M3FP4 variants still have visible mass away from log, (s*/ Sgefault) = 0. The EAM3FP4_g
distribution is shifted relative to EAM3FP4, which shows that aligning the tensor-level range
and selecting the best block scale are separate problems.
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Figure 4.9: Scale-deviation distributions for floating-point scale formats with and without a
tensor-level FP32 global scale under RTN with absmax scale selection.
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5] End-to-End Evaluation

The previous chapters analyzed scale selection through the mathematical analysis and the
single-layer experiments. This chapter conducts a full end-to-end evaluation of the optimal
scale selection strategy in various quantization configurations to confirm the positive impact
on model quality. This analysis also allows a quantitative comparison of different datatypes
for the shared scale.

5.1 Experimental Setup

We evaluate the effect of the scale datatype and the scale selection in an end-to-end W4A4
setting. The model is Llama-3.1-8B-Instruct. Both weights and activations are quantized to
4-bit MX formats, and the BF16 model is used as the baseline.

Weight quantization is performed with either RTN or GPTQ. All GPTQ-based runs, including
GPTQ and MR-GPTQ, use the FineWeb [37] calibration with 1024 samples. Both weights and
activations are quantized to the same datatype. When a format uses two-level scaling, the
activation and the weight tensor each receive an FP32 scale before casting the elements to the
underlying MX format.

The evaluation spans across four design axes: the shared scale datatype, the scale selection
policy, the quantization algorithm and the block size. Table 5.1 lists the tested formats.

For each format, we compare the implemented scale-selection policy with optscale. The
baseline policies are absmax for all formats, with two other power-of-two scale policies in-
cluded where they are supported: max for mxint4 and midmax for mxfp4. optscale searches
the discrete scale set to minimize the scale objective for each block, as in Chapter 4.

We report Wikitext-2 [38] perplexity as the primary evaluation metric because it is sensitive to
full-model degradation and stable across nearby configurations. We also evaluate accuracy
on WinoGrande 5-shot [39], HellaSwag 10-shot [40], ARC-Challenge 25-shot [41], and PIQA
0-shot [42]. The complete results for these datasets can be found in Tables A.2, A.3, A.4, and A.5.
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Table 5.1: Formats tested in the end-to-end W4A4 evaluation.

Format Weight grid Block scale Tensor scale Block size
mxint4 INT4 E8MO X 32
mxfp4 FP4 ES8MO X 32
e4m3fp4d FP4 E4M3 x 32
edmdfp4d FP4 E4M4 x 32
ebm3fp4 FP4 E5M3 x 32
e4m3fpd_g FP4 E4M3 v 32
edndfpsd_g FP4 E4M4 v 32
ebm3fpd_g FP4 E5M3 v 32
ebm3fp4_t16 FpP4 E5M3 x 16
e4m3fp4_g_t16 FP4 E4M3 v 16
edm4fpd_g t16 FP4 E4M4 v 16
ebm3fp4_g_t16 FP4 E5M3 v 16

The complete grid compares RTN, GPTQ, MR-RTN, and MR-GPTQ. The MR prefix denotes
the micro-rotated variant: MR-RTN is RTN after a micro-rotation, implemented as a block-
diagonal Hadamard transform, and MR-GPTQ is GPTQ after the same micro-rotation. In both
cases, the micro-rotation is applied to weights and activations before quantization.

In GPTQ and MR-GPTQ, the columns are quantized from left to right in groups of the same
size as the MX block. The optimal scale is selected for the active group after the previous
groups are handled by the algorithm.

5.2 Shared Scale Datatype

5.2.1 Power-of-Two vs. Floating-Point Scales

The first question is whether the shared scale should remain a power of two, as in the standard
MX formats, or whether a floating-point scale is preferable. To answer this question, Table 5.2
compares the block-32, non-rotated RTN and GPTQ results. The table reports the results for
both absmax and optscale.

Floating-point scales consistently give better accuracy than power-of-two scale formats in this
comparison. With optscale, the best power-of-two result is mxfp4, reaching 9.12 perplexity
under RTN and 8.94 under GPTQ. The floating-point scale formats lie between 8.19 and 8.43
under RTN and between 8.17 and 8.33 under GPTQ. The gap is larger for mxint4, which
reaches only 9.87 under RTN and 9.59 under GPTQ even after optscale. This suggests that
the power-of-two scale is a major limitation for INT4 blocks. The mxfp4 format is stronger
because its FP4 value grid is non-uniform, which fits the real distributions better, but its
power-of-two scale still leaves a visible gap to the floating-point scale formats.
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Table 5.2: Tile-32 Wikitext-2 perplexity without micro-rotations. Lower is better.

Format Scale type RTN RIN +optscale GPTQ GPTQ +optscale
mxint4 E8MO 11.09 9.87 10.26 9.59
mxfp4 E8MO 9.32 9.12 8.96 8.94
e4m3fp4 E4M3 8.96 8.43 8.47 8.33
e4méfpd E4M4 8.69 8.32 8.37 8.21
ebm3fp4 E5M3 8.66 8.30 8.39 8.27
e4m3fp4_g FP32+E4M3  8.68 8.29 8.37 8.20
e4m4fp4_g FP32+E4M4  8.45 8.19 8.27 8.17
ebm3fp4_g FP32+E5M3  8.71 8.29 8.31 8.27

5.2.2 Floating-Point Scale Comparison

Among the block-32 floating-point scale formats, E4AM4 and E5M3 give the best accuracy. With
optscale, e4m4fp4_greaches 8.19 PPL under RTN and 8.17 under GPTQ. E5M3 is close, with
ebm3fp4 at 8.30 under RTN and 8.27 under GPTQ, and e5m3fp4_g at 8.29 under RTN and 8.27
under GPTQ. E4M3 benefits more from the tensor-level scale: without it, e4m3fp4 reaches
8.43 under RTN and 8.33 under GPTQ, while e4m3fp4_g improves to 8.29 and 8.20.

The small degradation of ESM3_g relative to EAM3_g likely comes from the tensor-level scale
selection. In two-level formats, the tensor-level FP32 scale is computed from the product of
the FP4 value-grid maximum and the maximum representable block scale. Since E5M3 has a
much larger maximum scale than E4M3, the same tensor is normalized with a much larger
scale-range target.

The impact of the tensor-level scale is format-dependent. For E5M3, the variant without the
tensor-level scale shows similar accuracy to the two-level variant under both RTN and GPTQ,
especially after optscale. This indicates that the wider exponent range of E5M3 is enough to
cover the relevant tensor scales in this setting, making the additional tensor-level FP32 scale
mostly redundant. For E4M4, the two-level variant brings more improvement, reducing the
optscale result from 8.32 to 8.19 under RTN and from 8.21 to 8.17 under GPTQ. For E4M3,
the tensor-level scale is more important, reducing the optscale result from 8.43 to 8.29 under
RTN and from 8.33 to 8.20 under GPTQ.

These results show that moving from power-of-two scales to floating-point scales gives a
significant accuracy improvement. Moreover, introducing a global scale can further improve
the end-to-end accuracy for certain numerical formats with a limited scale dynamic range.

5.3 Scale Selection Policy

The previous chapters showed that max-based scale selection is not generally optimal for the
scale objective. To confirm this claim, Table 5.3 compares each implemented scale-selection
policy with optscale for block-32 quantization without micro-rotations.
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Table 5.3: Effect of optscale on tile-32 Wikitext-2 perplexity without micro-rotations. Lower
is better.

Format Policy RTN RIN +optscale GPTQ GPTQ +optscale
mxint4 absmax | 11.09 9.87 (-1.23) 10.26 9.59 (-0.67)
mxint4 max 10.15 9.55 (-0.60) 9.50 9.33 (-0.17)
mxfp4 absmax | 9.32 9.12 (-0.20) 8.96 8.94 (-0.03)
mxfp4d midmax | 9.12 9.00 (-0.12) 8.84 8.83 (-0.01)
e4m3fpd absmax | 8.96 8.43 (-0.53) 8.47 8.33 (-0.13)
edmdfpd absmax | 8.69 8.32 (-0.37) 8.37 8.21 (-0.16)
ebm3fp4 absmax | 8.66 8.30 (-0.36) 8.39 8.27 (-0.12)
e4m3fp4_g absmax | 8.68 8.29 (-0.40) 8.37 8.20 (-0.17)
e4md4fp4_g absmax | 8.45 8.19 (-0.26) 8.27 8.17 (-0.10)
ebm3fp4_g absmax | 8.71 8.29 (-0.42) 8.31 8.27 (-0.04)

The strongest effect appears for mxint4. With the default absmax policy, optscale improves
RTN perplexity from 11.09 to 9.87 and GPTQ perplexity from 10.26 to 9.59. Even when the
stronger max policy is used, optscale still improves RTN from 10.15 to 9.55 and GPTQ from
9.50 to 9.33. This matches the single-layer analysis: the INT4 value grid is uniform, so a poorly
selected shared scale shifts the whole grid away from the Hessian-important weights.

For mxfp4, the gains are smaller. Starting from absmax, optscale improves RTN from 9.32
to 9.12 and GPTQ from 8.96 to 8.94. Starting from midmax, the gap nearly disappears: RTN
improves from 9.12 to 9.00, while GPTQ improves from 8.84 to 8.83. This suggests that midmax
is already a strong heuristic for mxfp4 in this setting.

Floating-point scale formats also benefit from optscale, but the gains are more moderate
than for mxint4. Under RTN, the improvement is consistently visible, ranging from 0.26 PPL
for e4m4fp4_g to 0.53 PPL for e4m3fp4. Under GPTQ, the gains shrink to roughly 0.04 to 0.17
PPL. This indicates that GPTQ already compensates for part of the quantization error, but
does not make scale selection irrelevant.

Overall, the end-to-end results confirm that the optimal scale selection strategy improves the
end-to-end accuracy. The importance of optscale depends on the format, as it is largest for
mxint4, still useful for floating-point scales, and smallest for mxfp4 with midmax. Optimal
scale search matters most when the value grid is coarse or when the baseline scale policy is
tied too strongly to the maximum element.

5.4 Interaction with GPTQ

The interaction between GPTQ and optscale is format-dependent. Without optscale, GPTQ
consistently improves over RTN. For example, it reduces perplexity from 11.09 to 10.26 for
mxint4 with absmax, from 10.15 to 9.50 for mxint4 with max, and from 9.32 to 8.96 for mxfp4
with absmax. This is the expected behavior: GPTQ diffuses quantization error using Hessian
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5.5 Micro-Rotations

Table 5.4: Effect of micro-rotations on tile-32 RTN Wikitext-2 perplexity. Lower is better.

Format Policy RTN MR-RTN RTN + optscale MR-RTN + optscale
mxint4 absmax | 11.09 10.53 (-0.56) 9.87 9.56 (-0.30)
mxint4 max 10.15  9.62 (-0.53) 9.55 9.29 (-0.26)
mxfp4 absmax | 9.32  9.24 (-0.08) 9.12 9.03 (-0.10)
mxfpd midmax | 9.12  9.04 (-0.08) 9.00 8.99 (-0.02)
e4m3fp4 absmax | 8.96  9.06 (+0.11) 8.43 8.92 (+0.49)
edm4fp4 absmax | 8.69  9.09 (+0.41) 8.32 8.68 (+0.36)
ebm3fp4 absmax | 8.66  8.95(+0.29) 8.30 8.83 (+0.53)
e4m3fp4_g absmax | 8.68  9.04 (+0.35) 8.29 8.77 (+0.48)
e4md4fpd_g absmax | 845  8.86(+0.41) 8.19 8.59 (+0.40)
ebm3fp4_g absmax | 8.71 9.03 (+0.32) 8.29 8.71 (+0.41)

information, while RTN quantizes each value independently.

Once optscale is used, the gap between RTN and GPTQ becomes smaller. For mxint4,
GPTQ still improves over RTN by 0.22 to 0.28 PPL after optscale. For mxfp4, the remaining
improvement is around 0.17 to 0.18 PPL. For floating-point scale formats, however, RTN with
optscale is often close to GPTQ with optscale. For example, e4m3fp4_g gives 8.29 with
RTN and 8.20 with GPTQ, while e5m3fp4 gives 8.30 with RTN and 8.27 with GPTQ.

These results suggest that GPTQ and optscale are partly complementary and partly redun-
dant. GPTQ remains useful for power-of-two scale formats, where the scale grid is coarse and
is less forgiving. For floating-point scale formats, better scale placement already removes a
substantial part of the error that GPTQ would otherwise correct.

5.5 Micro-Rotations

The mathematical analysis in Section 3.4.1 predicts that micro-rotations change the scale-
selection problem by spreading Hessian sensitivity across coordinates. The single-layer ex-
periments in Chapter 4 confirmed this effect, as micro-rotations reduced the worst-case
scale-selection gap for MXINT4, MXFP4 and ESM3FP4, but they did not remove the gap com-
pletely. To confirm the effect of micro-rotations on end-to-end accuracy, Table 5.4 compares
RTN with and without micro-rotations for block-32 formats.

The clearest benefit from micro-rotations appears for mxint4. With absmax, micro-rotations
reduce perplexity from 11.09 to 10.53, and with absmax plus optscale they reduce it from 9.87
to 9.56. The same pattern holds for max, where micro-rotations improve perplexity from 10.15
to 9.62 without optscale and from 9.55 to 9.29 with optscale. This validates the single-layer
analysis.

For mxfp4, the same behavior is present but the gain is much smaller. Without optscale,
MR-RTN improves RTN from 9.32 to 9.24 under absmax and from 9.12 to 9.04 under midmax.

43



Chapter 5. End-to-End Evaluation

With optscale, micro-rotations remain mildly beneficial, improving perplexity from 9.12 to
9.03 under absmax and from 9.00 to 8.99 under midmax. This also matches the single-layer
picture. Micro-rotations reduce the worst-case objective gap for MXFP4, but midmax already
solves most ordinary MXFP4 blocks and the FP4 value grid is non-uniform. As a result, fewer
harmful scale-selection errors remain for the micro-rotation to fix. The best mxfp4 result still
uses a micro-rotation, optscale and midmax, but the improvement is modest.

The most important difference from the single-layer analysis appears for floating-point scale
formats. In the single-layer study, micro-rotations reduced the worst-case objective gap for
E5M3FP4. However, they consistently hurt perplexity under both absmax and optscale in
the end-to-end results. Under absmax, the degradation ranges from 0.11 to 0.41 PPL. With
optscale, the degradation ranges from 0.36 to 0.53 PPL across all tested block-32 floating-
point scale formats.

This counter-intuitive result does not contradict the earlier analysis. The single-layer result
says that micro-rotations make the scale-selection objective less dominated by Hessian out-
liers. It does not say that the micro-rotated tensor values are always easier to quantize with a
given numerical format. Floating-point scale formats already have a dense set of block-scale
values, so optscale can directly adapt the scale to Hessian-sensitive coordinates without
needing to first smooth the block by micro-rotation. After the micro-rotation, the original
outlier problem is weaker, but the quantizer sees a different distribution of values and scale
requirements. For formats that already adapt well locally, this distribution shift can outweigh
the reduction in Hessian-outlier dominance.

The overall conclusion is therefore more nuanced. Micro-rotations do reduce the outliers
identified in the mathematical and single-layer analyses, but they are only beneficial when
the outlier value cannot be accurately represented. That is the case for mxint4, partially the
case for mxfp4, and the opposite for the floating-point scale formats.

5.6 Block Size

Block size controls how many values share one local scale. Smaller blocks allow finer control
over the shared scales, but they also increase cost and may be less attractive for hardware.
Table 5.5 compares RTN against RTN with optscale without micro-rotations for both block-32
and block-16 formats.

Block-16 consistently improves Wikitext-2 perplexity over block-32. Without optscale, the
block-size improvement ranges from 0.12 to 0.17 PPL across the matched RTN rows. With
optscale enabled, the improvement remains similar, ranging from 0.14 to 0.18 PPL. This
confirms that smaller blocks reduce the blast radius of Hessian outliers, but the size of the
gain is modest compared with the gain from optimizing the scale.

However, block size does not remove the benefit of optscale. At block 16, optscale improves
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5.7 Practical Recommendations

Table 5.5: Effect of optscale on floating-point scale formats at two block sizes. Wikitext-2
perplexity, lower is better.

Format Method Block32 Block 16
ebm3fp4 RTN 8.66 8.54
ebm3fp4 RTN + optscale 8.30 8.12
e4m3fp4_g RIN 8.68 8.52
e4m3fp4_g RTIN +optscale 8.29 8.13
e4md4fpd_g RIN 8.45 8.30
e4md4fpd_g RIN +optscale 8.19 8.05
ebm3fp4_g RIN 8.71 8.54
ebm3fp4_g RTN +optscale 8.29 8.13

ebm3fp4_t16 from 8.54 t0 8.12, e4m3fp4_g_t16 from 8.52 t0 8.13, e4mdfp4_g_t16 from 8.30
to 8.05, and ebm3fp4_g_t16 from 8.54 to 8.13. These gains range from 0.25 to 0.42 PPL,
which is larger than the gain from reducing the block size alone. This indicates that reducing
the block size and optimizing the scale solve distinct problems: optscale chooses the best
representable scale for the block while smaller blocks allow values to be scaled more locally.

5.7 Practical Recommendations

The end-to-end results support four practical recommendations. First, prefer floating-point
block scales over power-of-two scales when the hardware format allows it. The best tested
configuration is e4m4fp4_g_t16 with GPTQ and optscale, which reaches 8.04 Wikitext-2
perplexity. The next best configurations are also floating-point scale formats: e4m4fp4_g_t16
reaches 8.05 with RTN and optscale, ebm3fp4_t16 reaches 8.09 with GPTQ and optscale,
and e4m3fp4_g_t16 reaches 8.10 with GPTQ and optscale. By contrast, the best power-of-
two scale results are 8.83 for mxfp4 and 9.18 for mxint4, even after combining micro-rotations,
GPTQ and optscale.

Second, use optscale whenever the implementation can afford the search. Its benefit is
largest for mxint4, where it reduces block-32 GPTQ perplexity by 0.67 PPL from the absmax
baseline and RTN perplexity by 1.23 PPL. It remains useful for floating-point scale formats,
especially under RTN, and it still improves many GPTQ rows. The only near-exception is
mxfp4 with midmax, where the heuristic is already close to optimal in this grid.

Third, micro-rotations are format-dependent. They are useful for mxint4 and mildly useful
for the best mxfp4 configuration, but they are not a general improvement. For floating-point
scale formats, micro-rotations consistently worsen Wikitext-2 perplexity in the tested block-32
GPTQ configurations. This makes micro-rotations attractive when the scale grid is coarse and
outliers dominate the scale choice, but not when the block scale can already adapt finely.

Fourth, prefer block-16 over block-32 when the hardware cost is acceptable. Block-16 gives
the best perplexity results in this evaluation and improves every matched floating-point scale
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row with optscale. However, the improvement is smaller than the jump from power-of-two
scales to floating-point scales. If block-16 is too expensive, block-32 with a floating-point scale
and optscale remains a strong configuration.

Overall, the most robust recommendation is to combine an FP4 value grid with a floating-
point shared scale, optscale and the smallest practical block size. GPTQ is still useful, but
its benefit becomes less uniform once scale selection is optimized. For power-of-two scale
formats, use the strongest available heuristic before optscale: max formxint4 and midmax
for mxfp4. If micro-rotations are available, apply them to power-of-two scale formats.
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Conclusion

This chapter concludes the report by bringing together the mathematical analysis, the single-
layer experiments, and the end-to-end evaluation. We first summarize the main findings
about shared-scale datatypes, scale-selection policies, micro-rotations, block size, and global
scaling. We then discuss directions for future work.

6.1 Summary of Findings

This report studied shared-scale selection as a formal optimization problem. We formulated
the scale-selection objective as a Hessian-weighted sum of individual quantization errors,
connected it with the model’s loss and used it to define optscale as the best representable
shared scale for a block according to the objective. This framework allowed us to compare
the scale datatypes. We showed that power-of-two scales have per-element unimodality,
while floating-point scales do not. The framework also clarified why max-based rules can be
suboptimal. The largest element does not necessarily contribute to the objective the most, and
the optimal scaling strategy can prefer clipping that element when a smaller scale improves
the quantization resolution of more important values with smaller magnitude.

We then tested the objective on a real model layer. We discovered that for power-of-two scales
the Hessian-dominant coordinate shapes the scaling objective, so it is close to unimodal.
For the examined floating-point scale case, we observed the non-unimodality predicted by
the mathematical analysis. Its local minima appeared when the sensitive coordinate was
represented accurately, which is a useful insight for an efficient algorithm for optimal scale
search. We also showed that absmax often selects a suboptimal scale for all scale datatypes,
while midmax is a strong heuristic for ordinary mxfp4 blocks.

Consequently, we evaluated various configurations end-to-end. The experiments showed that
floating-point shared scales are the strongest format-level improvement over power-of-two
scales. We also showed that optscale improves most tested configurations, especially when
the scale is a power-of-two or when the baseline policy is absmax. We found that GPTQ and
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optscale complement each other in several numerical formats. We also found that micro-
rotations are useful only when the outliers cannot be represented accurately. This matches
the mathematical and single-layer analyses, where micro-rotations spread Hessian sensitivity
and reduce the worst failures of max-based scale selection. However, micro-rotations are not
a default choice for floating-point shared scales, because these formats can already adapt the
local scale more finely and the micro-rotated values may become harder to quantize.

Finally, we studied block size and tensor-level global scaling. Smaller blocks reduce the
number of values that share one scale, so they reduce the pressure on each local scale-selection
decision. Tensor-level global scaling solves a different problem, as it shifts the block-scale
grid to match the tensor magnitude range. However, neither mechanism eliminates the local
scale-selection problem.

Overall, the strongest design direction is to combine an FP4 value grid, a floating-point shared
scale, optscale, and the smallest practical block size, while using GPTQ and micro-rotations
only when they match the format. Therefore, the scale datatype, the scale-selection policy, the
weight quantization algorithm, the micro-rotation policy, and the block size should be treated
as one coupled design problem.

6.2 Future Work

This work leaves several directions for future work. The first direction is activation scale selec-
tion. Activations depend on the input, so their scales cannot be optimized before inference.
The Hessian-weighted objective used in this report is naturally tied to weight quantization.
For activations, future work may need data-free objectives, online approximations, or hybrid
policies that adapt to the input without adding excessive runtime cost.

The second direction is cheaper objective-based search. In the tested power-of-two scale
weight blocks, the optimal scale often stayed close to the max-based scale. This suggests that a
local search around the baseline scale may be enough in many realistic blocks. Floating-point
shared scales are less regular, but the single-layer analysis suggests that candidate scales can
be built from sensitive coordinates and nearby quantization points. These shortcuts would
make optscale more practical when exhaustive search is too expensive.

Future work should also study scale selection together with tensor-level global scaling, which
has shown promising results in recent work [7], and with learned rotations [21]. Both mecha-
nisms change the values seen by the block quantizer, so they should be evaluated together with
the shared scale datatype and the scale-selection policy rather than in isolation. Finally, the
experiments in this report used one model family and a limited evaluation setting. Additional
model families, calibration datasets, and downstream tasks are needed to test how broadly the
conclusions transfer.
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i\ Additional End-to-End Results

Tables A.1, A.2, A.3, A.4, and A.5 report the complete FineWeb-1024 W4A4 evaluation grid
together with the BF16 baseline. The main text uses selected views of the end-to-end evalua-
tion to isolate individual effects, while this appendix gives the Wikitext-2 perplexity and task
accuracy results for every completed configuration.
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Table A.1: Full W4A4 Wikitext-2 perplexity results for the FineWeb-1024 evaluation grid with the BF16 baseline. Lower is better.

) RTN GPTQ MR-RTN MR-GPTQ
Format Policy RTN GPTQ MR-RTN MR-GPTQ
+optscale + optscale + optscale +optscale

bf16 Baseline 7.55

mxint4 absmax 11.09 9.87 10.26 9.59 10.53 9.56 10.01 9.44
mxint4 max 10.15 9.55 9.50 9.33 9.62 9.29 9.25 9.18
mxfp4 absmax  9.32 9.12 8.96 8.94 9.24 9.03 9.16 8.93
mxfp4 midmax  9.12 9.00 8.84 8.83 9.04 8.99 8.99 8.90
e4m3fp4 absmax  8.96 8.43 8.47 8.33 9.06 8.92 8.94 8.88
e4mé4fp4 absmax  8.69 8.32 8.37 8.21 9.09 8.68 8.96 8.64
ebm3fp4 absmax  8.66 8.30 8.39 8.27 8.95 8.83 8.87 8.67
e4m3fpd_g absmax  8.68 8.29 8.37 8.20 9.04 8.77 8.84 8.68
edmdfpd_g absmax  8.45 8.19 8.27 8.17 8.86 8.59 8.78 8.60
ebm3fpd_g absmax  8.71 8.29 8.31 8.27 9.03 8.71 8.92 8.69
ebm3fp4_t16 absmax  8.54 8.12 8.27 8.09 8.96 8.54 8.73 8.47
e4m3fp4_g t16 absmax  8.52 8.13 8.29 8.10 8.84 8.58 8.76 8.48
e4dm4fpd_g t16 absmax  8.30 8.05 8.15 8.04 8.73 8.49 8.66 8.38

ebm3fp4_g_t16 absmax  8.54 8.13 8.34 8.10 8.89 8.59 8.72 8.51
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Table A.2: Full W4A4 WinoGrande 5-shot accuracy results for the FineWeb-1024 evaluation grid with the BF16 baseline, reported in percent
using the acc metric. Higher is better.

) RTN GPTQ MR-RTN MR-GPTQ
Format Policy RTN MR-RTN MR-GPTQ
+ optscale + optscale + optscale + optscale

bf16 Baseline 78.4

mxint4 absmax 67.9 69.6 69.0 71.7 69.9 71.9 69.2 73.4
mxinté max 71.2 72.3 73.0 71.3 72.4 74.1 71.0 72.0
mxfp4 absmax 71.3 74.2 74.2 73.2 75.1 74.3 75.4 73.8
mxfp4 midmax 73.1 73.3 74.3 75.3 74.2 73.5 73.2 74.0
e4m3fp4 absmax 74.1 73.9 75.8 73.6 75.1 73.3 73.8 73.9
ed4mdfpd absmax 75.9 75.2 75.3 75.1 72.8 74.6 73.5 75.3
ebm3fp4 absmax 74.0 75.6 75.3 75.2 74.3 75.3 74.0 73.6
e4m3fpé_g absmax 739 75.8 74.4 75.5 73.6 74.3 73.2 75.0
e4mé4fpd_g absmax 74.3 74.9 75.5 76.1 74.1 75.2 74.2 74.0
ebm3fpé_g absmax 74.2 74.5 75.1 74.2 73.7 75.8 73.3 75.0
ebm3fp4_t16 absmax 75.6 75.4 75.8 75.9 75.2 76.5 74.0 74.5
e4m3fpd4_g_t16 absmax 75.0 74.5 74.0 75.4 75.1 74.3 74.7 75.1
ed4mi4fpd_g_t16 absmax 74.8 76.6 75.1 76.8 74.6 75.4 75.9 74.3
ebm3fp4_g_t16 absmax 74.4 77.0 75.2 75.0 75.5 75.0 75.6 74.6
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Table A.3: Full W4A4 HellaSwag 10-shot accuracy results for the FineWeb-1024 evaluation grid with the BF16 baseline, reported in percent

using the acc metric. Higher is better.

. RTN GPTQ MR-RTN MR-GPTQ
Format Policy RTN MR-RTN MR-GPTQ
+ optscale + optscale + optscale + optscale

bf16 Baseline 59.7

mxint4 absmax 52.0 54.8 54.0 54.3 53.4 55.1 54.2 55.1
mxint4 max 53.8 54.8 55.6 54.9 54.8 55.6 55.5 55.8
mxfp4 absmax 55.4 55.8 55.9 55.9 55.5 55.5 55.7 56.5
mxfp4 midmax 56.0 55.9 56.0 56.1 55.8 55.8 56.9 56.5
e4m3fp4 absmax 55.8 57.3 57.3 57.6 56.7 57.2 56.8 56.8
e4m4fp4d absmax 56.8 57.6 57.8 57.6 55.8 57.5 56.7 57.4
ebm3fp4 absmax 56.8 57.5 57.4 57.6 57.0 57.4 56.9 57.3
edm3fpd_g absmax 56.0 57.6 57.5 57.6 56.5 57.3 57.1 56.7
edmdfpld_g absmax 57.1 57.9 57.8 57.7 56.7 57.6 56.9 57.2
ebm3fpd_g absmax 56.8 57.7 57.8 57.7 56.8 57.7 57.1 57.5
ebm3fp4_t16 absmax 57.2 58.1 58.5 57.9 57.3 57.7 57.3 58.1
e4m3fp4_g_t16 absmax 57.1 57.9 58.0 58.2 57.5 57.0 57.6 57.5
edmd4fpd_g_t16 absmax 58.2 58.3 58.3 58.2 58.1 57.5 57.5 57.7
ebm3fp4_g_t16 absmax 57.0 58.0 58.4 57.9 57.3 57.4 57.4 57.6
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Table A.4: Full W4A4 ARC-Challenge 25-shot accuracy results for the FineWeb-1024 evaluation grid with the BF16 baseline, reported in percent
using the acc metric. Higher is better.

) RTN GPTQ MR-RTN MR-GPTQ
Format Policy RTN MR-RTN MR-GPTQ
+ optscale + optscale + optscale + optscale

bf16 Baseline 57.5

mxinté absmax 47.1 48.8 49.7 50.9 49.7 51.2 49.0 50.3
mxint4 max 47.2 49.8 51.6 51.0 52.1 51.9 49.0 51.0
mxfp4 absmax 50.8 50.6 52.4 52.6 52.6 52.0 51.8 52.6
mxfp4 midmax 51.3 52.0 53.5 53.1 52.3 52.8 51.6 53.1
e4m3fp4 absmax  55.0 52.7 54.4 54.7 51.8 52.3 53.0 52.7
ed4mdfpd absmax 54.3 54.5 53.3 54.9 51.1 54.3 51.3 54.5
ebm3fp4 absmax 54.3 54.4 54.8 54.9 52.6 53.7 52.1 52.2
e4m3fpé_g absmax 53.3 54.9 53.8 54.1 51.7 54.9 52.5 54.4
e4mé4fpd_g absmax 56.1 54.3 56.0 54.1 51.5 54.2 53.3 53.2
ebm3fpé_g absmax 53.2 54.0 53.2 55.5 52.6 55.3 51.0 53.8
ebm3fp4_t16 absmax 56.1 54.3 55.5 54.7 53.3 53.4 53.2 54.7
e4m3fpd4_g_t16 absmax 55.2 55.3 55.5 55.0 53.2 55.5 54.6 50.7
ed4mi4fpd_g_t16 absmax 55.8 54.9 53.8 55.0 52.6 55.8 54.8 53.3
ebm3fp4_g_t16 absmax 54.1 54.7 54.9 55.1 54.2 55.3 52.4 54.3
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Table A.5: Full W4A4 PIQA 0-shot accuracy results for the FineWeb-1024 evaluation grid with the BF16 baseline, reported in percent using the

acc metric. Higher is better.

. RTN GPTQ MR-RTN MR-GPTQ
Format Policy RTN MR-RTN MR-GPTQ
+ optscale + optscale + optscale + optscale

bf16 Baseline 80.2

mxint4 absmax 75.6 77.6 76.7 76.7 76.0 76.8 77.1 78.2
mxint4 max 76.3 77.6 78.2 77.6 77.1 77.5 76.9 77.5
mxfp4 absmax 77.8 77.8 78.1 77.3 78.0 77.5 7.7 77.8
mxfp4 midmax 77.1 78.6 79.1 78.2 78.0 77.6 79.1 78.7
e4m3fp4 absmax 78.0 79.2 78.5 78.8 76.8 78.3 78.0 78.3
ed4mi4fp4d absmax 79.7 79.7 78.5 79.5 77.8 78.3 78.1 78.6
ebm3fp4 absmax 78.7 78.7 78.5 79.5 77.2 78.1 77.5 78.5
edm3fpd_g absmax 79.1 78.8 78.4 78.5 78.0 77.6 77.5 77.5
edmdfpld_g absmax 79.2 78.7 78.1 78.8 77.2 78.2 78.0 78.2
ebm3fpé_g absmax  78.2 79.0 79.1 78.2 77.3 78.0 77.5 77.1
ebm3fp4_t16 absmax 79.8 80.0 78.9 79.8 78.2 78.7 78.6 78.5
e4m3fp4_g_t16 absmax 78.5 78.7 78.6 78.9 77.5 77.8 78.3 78.8
edmd4fpd_g_t16 absmax 79.2 79.4 78.2 78.2 78.3 77.8 78.6 78.2
ebm3fpd4_g_t16 absmax 78.8 79.2 78.8 78.6 7.7 78.1 77.6 7.7
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